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Abst rac t - -Th is  paper is concerned with the design problem of the optimal robust mixed/ /2 /H~ 
controllers for descriptor systems with time-varying uncertainties and distributed elays. In our 
method, no decomposition f the coefficient matrix is needed. The designed controller can guarantee 
regularity, nonimpulsiveness, and internal stability of the closed-loop system and simultaneously 
minimizes an upper bound of the H2 performance measure satisfying an H~ norm bound constraint. 
The control design problem is transformed into the solvability of a set of strict LMIs, which can be 
effectively solved by using interior-point algorithms. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Many practical processes can be modeled as descriptor systems, uch as constrained control prob- 
lems, electrical circuits, certain population growth models, and singular perturbations. Since time 
delays, in many real engineering systems, are often encountered and may be a source of instability 
of the systems much attention has thus recently been paid to the study of descriptor delay systems. 
Thus, much attention has recently been paid to the study of descriptor delay systems. Compared 
with state-space systems, descriptor systems have more complicated structure. Furthermore, the 
study of the dynamic performance of descriptor systems is much more difficult than that for 
state-space systems ince descriptor systems usually have three types of modes, namely, finite 
dynamic modes, impulsive modes, and nondynamie modes [1], while the latter two do not appear 
in the state-space systems. During the past several years, linear discrete/continuous de criptor 
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systems with delay were considered in a number of papers and a lot of work concerning stability, 
stabilization control, and H~ control has been done [2-7]. For discrete descriptor systems with 
delay, [6,7] derived some stability criteria and gave the H~ control design method. Based on 
decomposition method, a delay-dependent H~o control was proposed [2] for polytopic uncertain 
descriptor systems. However, in these papers, no optimality properties have been associated with 
these controllers. 
Recently, multiobjective control problems of state-space systems have received considerable 
attention. In particular, the mixed H2/H~¢ control problem of the state-space systems has 
been studied by many [8-12]. The aim of the mixed H2/H~ control is to design a controller 
that minimizes the upper bound of the//2 performance measure satisfying an H~ norm bound 
constraint. More recently, the design method of mixed H2/H~ control has been extended to 
the study of the state-space systems with time delay. Kim [11] dealt with the design problem 
of robust mixed H2/H~ control for a class of state-space systems with time-varying delays in 
both the state and the control input. However, to date, to the authors' knowledge, there are no 
papers considering the design problem of robust mixed H2/H~ controller of descriptor systems 
with delays and time-varying uncertainties. 
In this paper, the design problem of robust mixed H2/H~ controller is addressed for the de- 
scriptor systems with time-varying uncertainties and time delays. The time delays under consid- 
eration include both discrete delay and distributed elay [13,14]. The derived sufficient conditions 
for the existence of a robust mixed H2/H~ controller are expressed in the form of linear matrix 
inequalities (LMIs), which can be efficiently solved by using interior-point algorithms. Further- 
more, the design method of the suboptimal robust mixed H2/H~ controller, which guarantees 
the minimization of the upper bound of the/ /2  performance measure satisfying an H~ norm 
bound 7, is proposed by solving an optimization problem. 
NOTATION. N n denotes the n-dimensional Euclidean space, ]~nxm is the set of n x m real matrices, 
I is the identity matrix of appropriate dimensions, I[" I] stands for either the Euclidean vector 
norm or its induced matrix 2-norm. The notation X > 0 (respectively, X >_ 0), for X E R ~x~ 
means that the matrix X is a real symmetric positive definite (respectively, positive semidefinite). 
Co denotes the set of all continuous functions from I--T, 0] to R ~. ),m~x(X) (£m~n(X)) denotes 
the maximum (minimum) of eigenvalue of the real symmetric matrix X. tr(Y) denotes the 
trace of a matrix Y. Re(s) denotes the real part of a complex number. For a vector function 
f(t) c L2[0, ec), its norm is defined as 
]lf(t)ll2 = I]f(t)ll 2 dr. 
2. PROBLEM STATEMENTS AND PREL IMINARIES  
Consider a descriptor system with distributed elays and time-varying uncertainties 
L E2(t) = (A + AA(t)) x(t) + (Ad + AAd(t)) x(t - T) + (Ah + AAu(s)) x(s) ds h 
+ (B + + B w(t), 
z(t) = (C + AC(t))x(t) + (D + AD(t)) u(t), 
x(t) = t e [-T',  0], 
T' = max{T, h}, 
(1) 
where x(t) E N n and u(t) e R "~ are the system state and control input, respectively, z(t) c R ~ 
is the controlled output, w(t) e L2[0, c~) is the external disturbance. T and h are two constants 
representing the time delays. ¢(t) C Co denotes the initiM function. A, Ad, Ah, B, B~, C, 
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and D are known constant matrices of appropriate dimensions. AA(t), AAd(t), AAh(t), At ( t ) ,  
and AD(t)  denote the parameter uncertainties which satisfy 
[AA(t) AAd(t) AAh(t) AB(t)]=D,&(t)[Ea Ed Eh Eb], 
(2) 
[AC(t) AD(t)] = DoFo(t)[Hc Hd], 
where D~, Do, Ea, Ed, Eh, Eb, He, and Hd are known matrices of appropriate dimensions, 
F~(t) and Fo(t) are unknown time-varying matrices which satisfy I[F~(t)[] < 1 and [IFo(t)l[ < 1. 
Throughout his paper, we assume that rank(E) = q < n. 
Associated with system (1), we introduce the following//2 and Hoo performance measures: 
and 
j~ oo  /-/2 performance measure: .72 ---- [xT(t)Rx(t) 4- uT(t)Su(t)] dt (3) 
~0 °° Hoo performance measure: Joo = [zT(t)z(t) -- 72wT(t)w(t)] dr, (4) 
where R > 0 and S > 0 are given, 7 > 0 is a given scalar specifying the Hoo norm bound. 
DEFINITION 1. Descriptor system (i) (with u(t) = 0 and w(t) = O) is said to be regular and 
impulse-free if ( E, A + AA(t)) is regular and impulse-free. 
DEFINITION 2. Descriptor system (1) (with u(t) = O) is said to be robustly exponentially stable 
with an Hoo norm bound 7, if the following hold. 
1. Descriptor system (1) (with u(t) = 0 and w(t) = O) is exponentially stable, that is, there 
exist constants a > 0 and fl > 0 such that [Ix(t)[] _< ae -~t, for all admissible uncertainties 
AA(t), AAd(t), AAh(t). 
2. Under the assumption of zero initial condition, the controlled output z(t) satisfies Ilz(t)][2 _< 
711w(t) ll2. 
DEFINITION 3. Descriptor system (1) (with u(t) = O) is said to be admissible with an Hoo norm 
bound 7 if it is regular and impulse-free when w(t) = 0 and robustly exponentially stable with 
an Hoo norm bound 7. 
DEFINITION 4. A linear memoryless control aw u(t) = Kx(t) is called as a robust mixed H2/Hoo 
controller, if under this controller, the closed-loop system is admissible with an Hoo norm bound 
7 and a scalar J~ > 0 exists uch that J2 <_ J~ when w(t) = O. 
DEFINITION 4. A linear memoryless control aw u(t) = Kx(t) is called as an suboptimal robust 
mixed H2/Hoo controller, if it is a robust mixed H2/Hoo controller and achieves the minimal of 
an upper bound J~ satisfying the Hoo norm bound 7. 
The aim of this paper is to find a feedback gain K E ]~-~x~ such that u(t) = Kx(t)  is an 
suboptimal robust mixed H2/Hoo controller. Before giving our main result, we present some 
lemmas. 
LEMMA 1. (See [15].) 
1. For any real vectors x, y, and real matrix P > 0 of appropriate dimensions, 
2xTy < xT P - lx  + yT py. 
2. Let A, D, E, and F(t) be real matrices of appropriate dimensions with []F(t)H _< 1. Then, 
we have the following. 
(a) For any scalar z > 0, 
DF(t)E + ETFT(t)D T <_ s - IDD T + ~ETE. 
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(b) For any matrix P > 0 and scalar e > 0 such that ¢I - EPE  T > O, 
(A + DF(t)E)P(A + DF(t)E) m < APA T + APE  T (el - EPE  T) -~ EPA T + eDD T. 
(c) For any matrix P > 0 and scalar e > 0 such that P - eDD T > O, 
(d + DF( t )E )Tp- I (A  + DF(t)E) <_ A T (P - ¢DDT) -1 g + e- IETE.  
LEMMA 2. Suppose a piecewise continuous real square matrix A(t), X, and Q > 0 satisfy 
AT(t)X + XTA(t)  + Q < 0, (5) 
Recalling the fact [16] that 
1A 
ReA(N)<~ m~x(N+N T) 
for any reM matrix N, we obtain from (6) that 
o/ 
Re;~(Am (t)X) <-5"  
Hence, AT(t)X is invertible for all t, consequently, AT(t) and X are invertible for all t. From (6) 
and using the same proof of Lemma 2.2 of [17], one can establish that ]lA-l(t)l] < 5 for some 
6>0.  
3. ROBUST MIXED H2/H~ 
Under the linear memoryless controller 
u(t) = Kx(t), 
the resultant closed-loop system of system (1) is 
where 
CONTROLLER DES IGN 
E~(t) : i ( t )x(t)  + ia(t)x(t  - ~') + rjt/t h- Ah(s)x(s) ds + B~w(t), 
z(t) : C(t)x(t), 
ft.(t) = A + BK + An(t) + AB(t)K,  
fi~d(t) = Ad + And(t), 
fiih(t) = nh + Anh(t),  
C(t) = C + DE + AC(t) + AD(t)K. 
(7) 
(8) 
for all t. Then, A(t) and X are invertible, and [In-l(t)ll <_ 5 for some 5 > O. 
PROOF. Since Q > 0, there exists a scalar a > 0 such that Q >__ aI. Therefore, it follows from (5) 
that 
AT(t)X + XTA(t) + < O. (6) 
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THEOREM 1. Consider descriptor system (l), for given scalars 0 < a < 1 and 7 > O, if there 
exist matrices P, Q > O, T > O, and K such that 
PE = ET p T ~ O, 
-AT( t )P  T + Pflt(t) + CT(t)O(t) + Q + T Pfld(t ) 
* --a(~, 
.~T (t)pT + PA(t) + Q + T + R + KT SK 
hPfilh(S)o P i  "° ] 
- ( i  - ~)Q 
, -.~2IJ 
(9) 
PAd(t)_aQ hPAoh(S) ]
* -(1 - a)QJ 
< o, (lo) 
< 0, (11) 
where s C [t -- h, t], then the control law u(t) = Kx(t) is a robust mixed H2/H~ controller and 
the upper bound of 1t2 performance measure of the dosed-loop system (8) is 
~T (u)Q~(u) du ds. 3~=~T(o)PE~(O)+a ,~T(s )Q~(s )ds+~ h (12) 
PROOF.  In v iew of Definitions 3 and 4, we  need to prove the following. 
(i) Sys tem (8) is admissible with an Ho~ norm bound % 
(ii) Under  zero external disturbance (w(t) = 0), a scalar J~ > 0 exists such that J2 _< J~. 
PROOF OF  (i). Since rank(E)  = q _< n, there exist two nonsingular matrices M and N such that 
°ol- 
Define 
[4dll(t) ~d12(t)] 
FAll(t) 412(t)] Ad(t)=MAd(t)N= [Ad21(t) *~d22(t)J A(t) = MA(t)W = [-~21(t) A22(t)J ' 
[A.(t) 4,,~(t)] 
fib(t) = Mfith(t)N = A~21(t) Ah22(t)J ' 
O0 T Q2 ' T T T2 ' 
(la) 
By Schur complement, it is easy to see that (10) implies 
* --aQ 
* • - (1  -a)QJ  
< 0. (14) 
From (9) and (14), we can show that .~(t), e{d(t), e{h(t), P, Q, and T satisfy the following 
equations 
p]~ = j~TpT ~ 0, (15) 
[A T (t)PT + -P?(t) + © + f ,  PAd(t)_a©, -(1 hp~°h(s)-a)©jl 
< 0. (16) 
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Obviously, t5 is of the form P = [P~ Pa~ ] and Pl l  "= PZ > 0. Substituting/5 into (16) yields P2~ J
I 
i PllA12(t) + P12-422(t) + fi-~l(t)P~ +Qo + To Pll-4all(t) + P12Ad21(t) 
• 4~=(t)P~ + P2~A=(t) + Q= + :r2 P~=4e2~ (t) 
, • --O~Q1 
Pll-~(t) + P~X~(t) hP~7~i(~) + hP1~.4~(4 hP~;t~(~) + hP~7~(~) 
P22Ad22(t)-aQ2-aQ° hP22Ah21(S)o hP22Ah22(s) I 
• --(1 -- a)ql --(1 -- a)qo ] 
• - (1  - a)q~ - (1  - ~)~ j 
<0,  
(17) 
where 
which implies 
r = 2~,(t)Pu + P~Z~(t) + ~( t )P~ + P~22~2~(t) + q~ + T~ 
* - -aQ2 o | 
* * - (1  - a)Q~ J 
< 0. ( is)  
By Lemma 2, (18) implies -422(t) and/)22 are invertible and a constant a l  > 0 exists such that 
IFi~(t)]i _< a~. Therefore, it follows from [1] and Definition 1 that system (8) is regular and 
impulse-free. 
To prove the exponential stability of the system, we construct a generalized Lyapunov func- 
tional candidate as 
L '-a/if V(t, xt) = xT(t)PEx(t) + a ~ xr(s)Qx(s) ds + ---h-- (19) 
where xt(O) = x(t + 0), 0 e [-~-', 0]. Taking the time derivative of V(t, xt) yields 
V(t, xt) = 2xT(t)Pfi(t)x(t) + 2xT(t)Pfid(t)x(t -- r) + 2xT(t)P f t  fih(S)X(S) ds Jt--h 
4- 2x T (t)PB~w(t) + ax T (t)Qz(t) - ax T (t - r)Qx(t - ~-) + (1 - a)xT (t)Qx(t) 
1 -a~t t  - x T (s)Qx(s) ds+z T(t)z(t)-72w T (t)w(t)-z T (t)z(t) 4-72wT( t )w( t )  
h h 'L = h h {xT (t) IPA(t) + fi T (t)P T + Q + 0 T (t)C(t)] x(t) + 2x T (t)PB~w(t) 
+2xr (t)Pfie(t)x(t - -r) + 2hxr (t)Pfih(S)X(s)--axT (t -- r)Qx(t - r) 
- (1  - a)xr (s)Qx(s) - 72wT (t)w(t) } ds - zT (t)z(t) + ~'2wr (t)w(t) 
= 1 f v(t, s)UvT(t, s) ds - zr(t)z(t) + 72wT (t)w(t), 
h Jt-h 
(20) 
where 
//(t, 8)----- [xT( t )  $T( t - - l - )  xT(8) wT( t ) ] ,  
i 
ftT(t)P T + P_4(t) + C'T(t)C(t) + Q Pfta(t) hPAh(s) P !~ ] 
U = * -aQ 0 
• * - (1  - a)Q " 
, • • -~2 I J  
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From (10), we can see that 
U<-d iag[T  0 0 0]. 
Therefore, it follows from (20) that 
V- (t, xt) <_ --xm (t)Tx(t) - zT (t)z(t) + 72wT (t)w(t). 
Integrating both sides of (21) from 0 to oo obtains 
/7 /7 zT(t)z(t)dt <_ V(O,~) - V(oe, z~) + 72wT(t)w(t)dt 
/7 <_ V(O, ~) + ~2wT(t)w(t) dt. 
Under zero initial condition, (22) implies 
fo~zm(t)z(t)dt < fo~32w-c(t)w(t)dt, 
that is, IIz(t)ll2 _< ~[Iw(t)lI> If w(t) _-= 0 but ~(t) ¢ 0, then we obtain from (21) 
V (t, xt) <_ --xT(t)Tx(t) <_ -,xllx(t)ll 2, 
where ,~ = ~min (r).  
Defining a new function as 
w(t, xO = e~V(t, ~) 
1047 
(21) 
(22) 
(23) 
(24) 
Pre- and post-multiplying (30) with [ -G  T (t, s)A~2 r (t) 
tively, we obtain 
or(t, ~)~S(t) (Q~ + T~) ~( t )G( t ,  s) < ~2. 
P2~a(_t,_M ~)) ) < 0. 
I] and [--GT(t, s)_A~(t) 
(30) 
I ]T  respec- 
(31) 
(18) can be written as 
( fi~2(t)P~ + P22f~22(t) + Q2 + T2 
Define 
G(t,~) = [~id~2(t) h&=(~)], (2S) 
/17/= diag [aQ2 (1 - a)Q2], (29) 
v(t, x,) < Ze -~. (27) 
and taking its time derivative yields 
W(t, xt) = se~tV(t, xt) + e~tg(t, xt) < ee~tg(t, xt) - Ae ~' Ilx(t)l[ 2 . (25) 
Integrating both sides of (25) from 0 to t obtains 
W(t, xt) - W(O, qo) <_ ¢e~V(s,x~) ds - A e ~* IIx(s)l[ 2 &. (26) 
Combining (19), (24), and (26) and using a similar method in [18], we can show that, if ~ is 
chosen small enough, a constant fl > 0 can be found such that 
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Under  a state transformation 
y(t) = N-ix(t)  = [yl(t)]  (32) 
L y~ (t) J 
and noting the structure of _/5, we can obtain from (27) 
I ly~(t) l l  2 < ~Am~.(Pll)e-% (33) 
Furthermore, the state transformation y(t) = N- ix( t )  can also lead to the following decomposi- 
tion of system (8) 
91(t) = A11(t)yl(t) + A12(t)y2(t) + Adn(t)yl(t -- "c) + ftd12(t)y2(t -- "r) 
jt_a ~a u j~h Ah12(s)y2( s) (34) ÷ (s)yl(s) ds + ds, 
o = i i2~(t)y~(t)  + ~i=(t )y2( t )  + i id21(t)y l ( t  - ~) + ~id=(t )y : ( t  - ~) 
+ -Ah2t(s)yl(s) ds + -~h22(s)y2(s) ds. 
h h 
Defining 
// e(t) = A21(t)yt(t) + Ad21(t)yl(t -- T) + -~h21(s)w(s) ds (36) 
-h 
and after some arrangements, (35) can be written as 
-y2(t) = hA2~(t)ft lh G(t,s)L[Y2(ty2(s)-7)] ds+ ft2~(t)e(t)" (37) 
From the definition of -~21(t), -~d21(t), and Ah21(t), there exists a scalar a2 > 0 such that 
IIA21(t)N _< a2, 11.4d21(t)ll _< c~2, and Nfih21(t)N < a2. Therefore, combining (33) and (37), we 
obtain the following inequality 
Y~(s)]GT(t's)k22-c(t)(Q2÷T2)ft2~(t)G(t's)[ y2(s) J 
<-- -T -  h 
( 1 ) eT(t)~2/(t)(Q2÷ T2)~221(t)e(t) + 1+~-11 
<a( l+~)~(t -~)~( t -~)+ h _~ 
÷ 1 ÷ ~ ~lO~2/~)~min (Pll)Amax (Q2 ÷ T2) (1 ÷ e st~2 ÷ he eh/2) 2e-St. 
(38) 
Since T2 > 0, thus, there exists a scalar ~]2 > 0 such that 
Q2 + T2 >_ (1 + ~2) Q2. (39) 
Moreover,  7/1 > 0 can be arbitrarily chosen scalar. We choose ~/i < r/2, thus, 
1 + q____A1 < 1. (40) 
1 +~]2 
Define 
1 + fli 52 -- 1 (1 + 
51 -- 1 +72'  1 +~7~ 
1) 21 ( ) a1%5,~i~ (Pll) ;~m~x (O2 + T2) 1 + e ~/2 + he ~h/2 2 
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and f(t) = y-~ (t)Q2Y2(t). Combining (38)-(40), we can obtain 
f ( t )  <_ 51 sup f ( s )+a2e -*t. (41) 
t - r '<_s<t  
Choosing a constant { > O, which satisfies 0 < ~ < - (1 / r ' ) ln51 ,  we now show from (41) that 
f(t) < sup f(s)e -(°t + 52e-(°t t > O, (42) 
- -  -r '<_s<_O 1 - -  (51e~°r '  ' - -  
where ~0 = rain{z, ~}. In fact, from (41), we know that 
f(t) < 51 sup f(s) + 52e -e°t, t >_ O. (43) 
t - - r~<s<t  
Next, we first prove that for any z0 > 0, 
f(t) < sup f(s)e -~°t + 62e-&t +So, t > O. (44) 
-~ ,  <_s<o 1 - 51e~o~'  - 
Note that 
f (0 )<51 sup f (s )+52< sup I l f(s) l]+ +E0. 
- -  - r '<s<O - r '<s<O 1 - -  (~1 e~°r' 
If (44) is not true, then t exists such that 
52e-~O~ (45) 
f(t-) = sup f(s)e -~°~ + +Go 
- r '<s<O 1 - -  (~le ( ° r '  
and 
f(t) < 
~2e-~O t 
sup f(s)e -(°t + + Zo, t < t. (46) 
-,,<s<O 1 - 51e~o*' 
In fact, for t @ [ - r ' ,  0], we have 
(~2e-~O t 
f(t) < sup f(s) < sup f(s)e -{°t + +Go, 
- - r '<s<o -r '<s<O 1 - -  (~i e~°r' 
therefore, (46) holds for any t e [ - r ' ,  t~. However, from (43), (45), and (46), we can see that 
f(t-) < 51 sup f(s) +52e -~°~ 
~-r '<s<~ 
< ~1 e~°r' sup f(s)e-~°~+ 51e~°~'52e-~°t 
-- - r '<s<O 1 -- (~1 e f° r '  + (~1~0 + ~2e-~°t-  
< sup f(s)e -~°~+ 82e-~°---~ +~o, 
- r '<s<0 1 -- (~le ~°r'  
which contradicts (45). By letting e0 ~ 0 in (44), we obtain (42). The exponential stability of 
x(t) can be finally deduced from (33) and (42). Then, the proof of (i) is completed. 
PROOF OF (ii). By similarly employing the Lyapunov functional candidate (19), we obtain the 
time derivative of V(t, xt) under the assumption of w(t) = 0 as 
£ (t, zt)  = 2x -c (t)PTt(t)x(t)  + 2zr  ( t )P .4e(t )z( t  - r) + 2x-c ( t )P  fi, h(s)x(s)  ds 
h 
+z-c(t )Qx(t)  - axr ( t  - r )Qx( t  - r) 1 - a f t2  S (s )Qx(s )  ds (47) 
h h 
+J  ( t )Rx(t )  + x -c ( t )Kr  SKx( t )  - x -c ( t )Rx(t )  - u T (t)Su(t) .  
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Combining condition (11) and relation (47), one obtains 
?(t, xt) < - ) ,  I Ix(t) l l  2 - xT(t)Rx(t) - uT(t)Su(t). (48) 
Integrating both sides of (48) from 0 to tf yields 
fots [xT(t)Rx(t) uT(t)Su(t)] <_ V(O,~) - V(tf,xt~) ,+ dt 
= ~r(o)PE~(o) + a ~r(s)Q~(s) ds 
T 
~ r (u)Q~(u) duds (49) +-- i f -  
- xr ( t f )PEx( t f )  - a xT(s)Qx(s) ds 
--2" 
I -- a ~i  f /s ty x T (u)Qx(u) duds. 
h -h 
Moreover, (11) also implies (14). Then, from (48) and using a similar proof method as in (i), we 
can conclude that system (1) is exponentially stable. Therefore, as tf --* ce, we have 
f~ 
xT(t f )PEx(t f )  -* O, a xT(s)Qx(s) ds -~ O, 
Jt l--T 
(50) 
1 -h a ft l  j_h Js [ts xT(u)Qx(u) duds -~ O. 
From (49) and (50), we finally obtain 
l -e l _°  f~ ° J2 <__ pT(0)PE~(0) + a ~T(s)Q~(s) ds + ----if- ~T(u)Qp(u) duds ~ J~, 
~- h 
where J~ is an upper bound of the//2 performance measure function J2. II 
REMARK 1. To design a mixed H2/H~ controller, three matrix inequalities must be solved. 
Equations (9) and (10) are used to guarantee that the closed-loop system (8) is admissible with 
an H~¢ norm bound constraint, and (9) and (11) are used to guarantee an upper bound of the 
//2 performance measure J2 of the closed-loop system. 
In the next theorem, we will present a sufficient condition which guarantees (9)-(11) hold. 
THEOREM 2. For the given scalars 0 < a < 1 and ~/ > 0, there exist matrices P, Q > 0, 
T > O, and K such that (9)-(11), hold if there exist matrices X, Y, and W and scalars e~ > 0 
(i = 1, 2, 3, 4) such that the following LMIs hold: 
EX  T = XE  T > O, (51) 
E2 
* 
XHJ + vT ~j  
0 
0 
0 
--E2Z 
X XE[  + YTEb XC T + yVDT 
-W 0 0 
* -e l i  0 
* * - I  + e2DoDTo 
$ * * 
~WEJ  hA~WE~ 
0 0 
0 0 
o 0 
0 0 
-a  (~3± - ~dWEJ) 0 
, - (1 - ~) (~4± - ZhWE~) 
(52) 
<0, 
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Eoo X XE T + yT E b 
* -W 0 
* * -¢ i i  
where 
E2 = XA T + AX T + BY  + yTBT + 1AdWA-~ + 
A d W E h A h W E Xo0 Y To0 ]
-a (e3I - EdWE-~) 0 0 0 < O, 
* - (1  - a) (E4I - EhWETh) 0 0 
, * -R  -1  0 
* * * - -S  - I  
h2 AhWATh 
1--a 
1 h 2 ) 
-F £1 -F -£a -F --2 T a ~--a 54 D~D[ +7 B~B~ 
Eoo = XA T + AX T + BY  + yTBT + 1-AdWAT + 
a 
Furthermore, the control aw 
h 2 
Ah WA Th 
1--a 
h 2 
+(~1+ la~3 + ~_a~4) DsD T 
(53) 
~(t) = yx -V  x(t) (54) 
is ~ robust mixed H2/H~ controller for descriptor system (1) and an upper bound of H2 perfor- 
mance measure of the closed-loop system (8) is 
fo_ 1 -a  ~ ~° T(u)W_l~(u)duds. (55) J ;=~T(o)x- lEqp(O)+a ~T(s)W-l~(s)ds+---h-- h 
T 
PROOF. Define X = p-1. Then, (9) is equivalent to (51). By Lemma 1, we have 
X (AA(t) + AB(t)K) T + (AA(t) + AB(t)K) X T 
(56) 
<_ ~ID, D: + ~;~ (xz: + ySE[) (EoX s + E~Y), 
X (C + DK + AC(t) + AD(t)K) T (C + DK + AC(t) + AD(t)K) X T 
(57) 
< (XC T +yTD T) (I_E2DoDTo) - i  (CX T +Dy)+z~l (XH[  +yTHdT)(HcX T+HdY), 
(Ad + AAd(t)) W (Ad + AAd(t)) T 
(58) 
<_ AdWA~ + AdWETd (~3I -- EdWE~)' i  EdWA T + ¢3DsDT '
(Ah + AAh(s)) W (Ah + AAh(s)) T 
(59) 
<_ AhWA~ + AhWE~ (54I- EhWETh ) -1EhWA~ + s4D~D:, 
= = - D T -- EdWETd O, z4I -- EhWETh > 0. Define whereW Q- i  y KX T, I z2 oD o > O, saI > 
1 h'_~aAn(t)Q-iA +7 B~B~. II = XAT(t )  + .4( t )X  T +xcT( t )O( t )X  T + XQX T + Ad(t)Q-i.4~(t) + 1 Th(t) -2 T 
Combining (56)-(59), we have 
/ 1 h 2 "~ 
H <_XA T + AX T + BY  + Y T B s + XW-1X T +7-2B~Bf-F k£1-F a63 --F 1---~g4 ) D~D T 
+E~ -1 (XETa +yTEbT) (E~X T +EbY) + (XC T +yTDT) (I-e2DoDTo ) --1 (czT  + DY) 
@£21 (XH[  + yT H T) (HcXT +HdY) (60) 
+!A~WA~ +!A~WE; (~J- E~WE;) -~ E~WA~ a a 
h2 AhWATh + lh-~2aAhWETh (~4I--EhWETh ) -1EhWA~ 
+ 1 -d  
Zi i11" 
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Using Schur complement, (52) is equivalent to II' < O. Then, there exists a scalar # > 0 such 
that 
H' < -#XX T < O, 
which can be written, by defining T = pI, as 
II' + XTX T < 0. (61) 
From (60) and (61), we obtain 
n + XTX T < 0. (62) 
By Schur complement and noting that X = p - l ,  (62) is equivalent to (10). 
Using the similar analysis method, we can also show that if there exist matrices X, Y, and W 
and scalars c~ > 0 (i = 1, 3, 4) such that (53) holds, then matrices P, Q > 0, T > 0 exist such 
that (11) holds. Then, by Theorem 1, we complete the proof. | 
From Theorem 2, a solution {X, Y, W} of LMIs (51)-(53) can be used to design a robust mixed 
H2/Hc¢ controller, which can guarantee the/ /2 performance measure of the closed-loop system 
is bounded by a known scalar J~. Next, we will solve an optimization problem, which can lead 
to minimization of the upper bound J~ in (55) of the //2 performance measure of the closed- 
loop system satisfying an Hoo norm bound 7. In this sense, a suboptimal robust mixed H2/H~ 
controller is obtained as a result. 
THEOREM 3. For the given scalars 0 < a < 1 and V > O, if there exists a solution {X,Y, W,~I, 
E2, E3, E4} to the following optimization problem 
rain {( + tr (W1) + tr (I472)} (63) 
subject to LMIs (51)-(53), and 
'o~T(0)~(0) < (, (64) 
EX T + XE  T <_ 2~I, (65) 
X -[- X T > 21, (66) 
I-w, ] aN1 -aWJ  < 0, (67) 
-w:  (1- a)N: l 
(1  - a)N2 - (1 - a)WJ < 0, (68) 
where 
0 f /_  qa(s)TT(s) ds = N1NT1,  ~(s)~T(s) ds = N2NT2 , 
"r h 
then u(t) = yX-T  x(t) is a suboptimal robust mixed H2/Hoo controller for descriptor system (1). 
PROOF. Since (65) and (66) are equivalent to 
X-1E  + ETx  -T 
< oX-~X -T (69) 
and 
X-1  -}- X -T  
>_ X-~X -T, (70) 
2 
respectively. Moreover, (70) implies X-1X -T <_ I. Therefore, combining (64), we can show that 
T 0 --1 T 0 X-1E-'r- ETx  -T  ( )X  E~(0)=~ ( )  o ~(O)<a~T(o)x-lx-T~(o)<acpT(o)~(O)<~. (71) 
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By Schur complement, (67) and (68) are equivalent to 
aNT1W-1N1 < W1 (72) 
and 
respectively. Therefore, 
(1 -a)N:W-1N2 < W2,  (73) 
f F a ~T(s)W-I~(s) ds = a tr (~oT(s)w-mT(s)) ds =atr  (N1NTW "1) T "r 
= atr  (NTW-1N1) < tr (WI). 
(74) 
Similarly, we have 
1-a /~ j [  ° / ;  
- -  ~flT(u)W-l~(~t) duds < (1 - a) ~T(s)W-lT(s) ds 
h h --  h 
< (1 - a)tr  (NTW-1N2) < tr (W2). 
(75) 
Combining (55), (71), (74), and (75), it follows that 
J~ < ~ +tr  (W1) +t r  (W2). 
Therefore, the minimization of ~+tr(W1)+tr(W2) implies the minimization of the upper bound J~ 
in (55) of the //2 performance measure J2. Solving the optimization problem (63) leads to a 
solution of the suboptimal robust mixed H2/Hoo controller u(t) = Kx(t), where K = YX -T. I 
REMARK 2. Since rank(E) = q ~ n, there exists a matrix ~ E ~×(~-q)  with rank(~) = n - q 
such that E¢b = 0. Define X = E@ + Z~ T, where O E R n×~ is positive definite, Z E R ~×(~-a). 
Obviously, EX T = XE T > 0 holds. Substituting X = E@ + Z~ T into (52) and (53), we 
obtain two new LMIs, which are denoted by (52)' and (53)', respectively. Then, the optimization 
problem (63) can be alternatively expressed as 
rain {~ + tr (W1) + tr (W2)} (76) 
subject o LMIs (52)', (53)', (64), (67), (68), and 
@E T < 0, 
EO + OE T + Z~ T +~Z T > 2I, 
Solving @, Z, and Y from (76) and using the relation X = E@ + Z(I )T, we can finally design a 
suboptimal robust mixed H2/Ho~ controller as 
= Y (EO + T) -T x(t). (77) 
REMARK 3. When a and h are given, (52)' and (53)' in Remark 2 are strict LMIs, which can be 
solved by using interior-point algorithms [19]. Moreover, if a is fixed, the upper bound of h that 
guarantees the solution of the optimization problem (76) is feasible can be solved. Furthermore, 
it is shown by the following example that appropriately adjusting the parameter a may lead to 
less conservative r sults. 
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4. NUMERICAL  EXAMPLE 
Consider an uncertain descriptor system 
+L0([ 01 
z(t)=[2 1]x(t)+u(t), 
T(t)=le~ll," ~' " 7=1,  R=I ,  S=1,  
Lu J  
(78) 
where IIAA(t)I[ <_ 0.05, []AAd(t)l I < 0.05, ]lAAh(t)ll < 0.05. Choosing 
1 ' Ea = Ed = Eh  -~ 0.05 ' 
and solving the optimization problem (76), we obtain the suboptimal robust mixed H2/Hoo 
controller as 
u( t )  =- [ -1 .0958 -1 .3069]  x( t )  
and an upper  bound of per formance measure  is J~ = 10.8512. In fact, when a is chosen to be 0.5, 
one can find an upper  bound of h that  guarantees  the  feasibi l i ty of the  opt imizat ion  prob lem (76) 
is 0.6074. However, if one chooses a as 0.6, the  upper  bound of h becomes 0.7867. 
5. CONCLUSION 
This paper addressed the design problem of suboptimal robust mixed H2/H~ controller for the 
uncertain descriptor systems with distributed delays. The designed controller can guarantee the 
closed-loop system is regular, impulse-free and internally exponentially stable and simultaneously 
achieves the minimization of an upper bound of the H2 performance measure satisfying an H~ 
norm bound ~/. The effectiveness of the proposed method was shown by a numerical example. 
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